IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 39, NO. 11, NOVEMBER 1991

1817

Power Absorption in Ferromagnetic Implants
from Radio Frequency Magnetic Fields
and the Problem of Optimization
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James R. Wait, Fellow, IEEE, and Jong-S. Chen

Abstract —Explicit expressions for absorbed power in small
ferromagnetic cylinders from a radio frequency magnetic field
(using a quasi-static approximation) due to induced eddy cur-
rent circulation are obtained for implants used in interstitial
hyperthermic therapy. It is found that optimum power absorp-
tion per unit volume of cylindrical implant occurs when the
applied magnetic field is parallel to the axis of the cylinder and
the induction number (i.e., /2 times the ratio of implant radius
to skin depth) is 2.5. This result is used to design geometrical
configurations for implants to achieve optimum heating effects.
The dependence of absorbed power on the orientation of the
cylindrical implant with respect to polarization of the magnetic
field is also calculated and found to be in good agreement with
experimental results. ;

INTRODUCTION

HE ferromagnetic implants used in interstitial hyper-

thermia are usually needle shaped, and apart from
end effects, can be represented by a cylindrical model.
The power absorption in these implants from a time
varying magnetic field is primarily due to resistive heating
from the induced eddy currents circulating about the
circumference of the implant. The heated implant in turn
elevates the temperature of surrounding tissues by ther-
mal conduction. We investigate here the nature of power
absorption and its explicit dependence on implant mate-
rial properties (electrical conductivity o, and magnetic
permeability u), size (implant diameter), frequency and
orientation of the implant with respect to field polariza-
tion to optimize the efficiency of heating.

The implant material is assumed to be homogeneous
and isotropic. It is assumed also that electrical conductiv-
ity o, magnetic permeability u, dielectric constant e, are
real and do not depend on field strength and frequency
within the range of application which are about 1000 ~
2000 A /m and 80 ~ 110 kHz, respectively. Ferromagnetic
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materials developed for hyperthermia [1] in fact do ex-
hibit some hysteresis loss although it has been found to be
only a few percent of eddy current losses [2]. This justifies
the assumption that p is real by neglecting its relatively
small imaginary part. Implant materials which might have
significant hysteresis losses could be accommodated by
introducing a complex permeability u.

We consider here only the interaction of these ferro-
magnetic implants in a magnetic field. While the effects
within an impressed electric field are interesting in other
applications, the coils which generate the magnetic field
are designed specifically to have very small associated
axial and radial electric fields within the aperture occu-
pied by a patient. That is, they are wound in a null sense
with regard to the electric field or they have Faraday
shields incorporated to suppress the electric field [11].
Finally, for perspective, the coils are large with diameters
ranging from 0.3 to 0.7 m to accommodate patients while
the implants (1 mm diameter, 20 to 100 mm long) and the
implanted volume (10 to 1000 cm® with implant density
approximately 1 cm of implant for each cm® of tumor) are
small by comparison. Hence loading of the coil by the
patient (1 = 1) and the implants is negligible, as is borne
out in over 100 clinical treatments.

Power ABSORPTION BY A CYLINDRICAL IMPLANT IN
AxiaL MAGNETIC FIELD

A coil which is large enough to accommodate patients
and which is excited by a radio frequency (say, 50 kHz to
500 kHz) current will generate reasonably uniform axial
magnetic fields over volumes encompassing tumors of
clinical relevance. Fields will vary radially within a ferro-
magnetic implant because of the finite conductivity o and
permeability w. The time-harmonic uniform magnetic field
polarized in the axial direction can be represented in
cylindrical coordinates (p, ¢, z) with the z-axis being coin-
cident with implant axis. The z-directed magnetic field
H, will satisfy the scalar Helmholtz’s equation [3]:

(V2—+%)H, =0, forO<p<a

(1)
yi=[jop(o+ jwe)] (2)

where v is the propagation constant, V? is the cylindrical
Laplacian operator, and a is the implant radius. Since the
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implant diameter is much smaller than both the free
space wavelength and the implant length, we may assume
that H, varies only insignificantly in the ¢ and z direc-
tions. Thus (1) is reduced to a modified Bessel’s equation
of order zero with the solution:

H_(p) = Al,(yp) + BKy(vp),

where I, and K are modified Bessel’s functions of first
and second kind of order zero. The arbitrary constants, A4
and B, are to be determined from boundary conditions
which require that the field be finite at p=0 and H,
being tangential to the implant surface be continuous at
p = a. Therefore, B must be zero to prevent a singularity
at p =0. The magnetic field has a radially varying axial
component H, given by

for0<p<a (3)

H(p) = 21 (vp)
Ap) =———1(vp).
Iy(ya) °
where H, is the magnetic field at the implant surface.
The corresponding electric field as determined from
Ampere’s law has an azimuthal component, E¢, as fol-

lows:

forO<p<a

(4)

—yHy, Ij(vp)

Eu(p) (o + jwe) Iy(ya)’ for
where I is the derivative of I, with respect to its argu-
ment.

Integrating the resulting radial component of the
Poynting vector over the implant cylindrical surface of
unit length, the power absorption per unit length of the
implant for an axially parallel magnetic field is given by

P,=—(2wa)Hy(1/2)Re{E,(a)}

O<ps<ga (5

yIi(ya)
(o +jwe)ly(ya)

where the identity I (z)= I)(z) has been used and Re
denotes the real part of the quantity within the parenthe-
ses. Equation (6) can be rewritten equivalently as follows:

P =malHy|*Re(Z,)W /m (7)

= n-aIHOIZRe{ }W/m (6)

where

_ vIi(va) ®)

P (ot jwe)l(ya)
is the surface impedance [4] at p = a. When the implant is
highly conducting (2.0X10% ~3.0x10° S/m) or the fre-

quency (range mentioned above) is low enough such that
ew /o <1, (2) can be approximated by

ya=(jouc)*a=xe™/*, (9
In (9) the quantity

x=(ops)?a (10)

is defined as the induction number of the implant. Then

the Bessel functions of argument xexp(jm /4) can be
expressed conveniently in terms of Kelvin’s ber and bei
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functions [5] so that

PH=7T(x/0')|H0|2f(x)W/m (11)
where
_ ber(x)ber’(x)+bei(x)bei (x)

ber? (x) +bei(x)

f(x) (12)
The power absorption per unit volume of cylindrical im-
plant from axially parallel field is found by normalizing
(10) with respect to ma’:

I5H=(a),u/x)|H0|2f(x)W/m3. (13)

Plots of P, as a function of x are shown in Fig. 1 for
different values of conductivities and a magnetic field
strength of 1500 A/m. The power absorption per unit
length increases almost linearly with induction number
and hence with radius, a, for fixed w,u,o. Alternatively,
it increases as the square root of frequency for fixed w, o
and a. Fig. 2 shows plots of 15“ versus x for various
relative permeabilities w,. This function maximizes at
x = 2.5 which implies that optimum power absorption per
unit volume occurs when the induction number is 2.5.
Existence of such an optimal condition was noted earlier
by Wait [4] and by Matsui et al. [13] although neither
suggested a design for an implant that exploits this opti-
mization, as we do in the next section. The induction
number is simply an alternative representation of the
ratio of the radius of the implant to the skin depth, &.
Thus we may note that

x=y2a/é,
where

6= (2/w/.w')1/2.

In designing an implant for optimum power absorption
the induction number should be close to its optimum
value 2.5, or alternatively when the ratio of the radius to
the skin depth is: a /6 =2.5/y2 =1.77. For a particular
implant material (i.e., for specific values of u and o) at
each operating frequency there is an optimum radius for
maximum power absorption per unit volume. Fig. 3 shows
the optimum radius versus frequency for various values of
relative permeabilities and a typical value of electrical
conductivity (o =2.2X10° S /m).

FERROMAGNETIC IMPLANT DESIGN EXAMPLE

In clinical hyperthermia treatments [6], [7] we formerly
used solid cylindrical shaped implants of diameters 1 to
1.5 mm. The frequency of the applied magnetic field
typically is about 90 kHz but useful frequencies range
from 50 kHz to 500 kHz [7]. The power absorption in
implants can be increased several fold using appropriate
numbers of implants with optimal diameter to fit into the
same cross-sectional area as an encapsulated solid im-
plant. As a practical example which we have constructed
and used, six cylindrical filaments of diameter 0.45 mm
can be accommodated in a cylinder of diameter 1.4 mm as
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Fig. 1. Absorbed power per unit length of a cylindrical implant in axially parallel magnetic field of strength 1500 A/m as a
function of induction number x for different values of electrical conductivities.
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Fig. 2. Power absorption per unit volume of cylindrical implant in axially parallel magnetic field as a function of induction

number x for different values of relative permeabilities. Here power absorption per unit volume is normalized with respect
to the maximum power absorption of the implant with relative permeability 250.
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Fig. 3. Optimum radius of a cylindrical implant (1n parallel magnetic field) versus frequency for various values of relative
permeabilities with electrical conductivity, 2.2 X 10° S /m.

Fig. 4. Stranded or composite implant configuration for optimum
power absorption. Cross-section of a 1.4 mm diameter solid implant
replaced by six strands of wire with diameter 0.45 mm.

shown in Fig. 4. If electrical conductivity, relative perme-
ability and operating frequency are 2.2x10° S/m, 150,
and 100 kHz, respectively, then a solid implant of 1.4 mm
diameter would absorb approximately 24 W/m from a
magnetic field of amplitude 1500 A/m, whereas a
stranded wire implant as described above would absorb
approximately 40 W /m from the magnetic field of same
strength. This is more than a 60% increase in absorbed
power. Table I shows a comparison of absorbed power for
solid and stranded wire implants of comparable diameter
at various frequencies. Note that the diameter of 0.45 mm
is somewhat larger than the optimal value of 0.3 to 0.4
mm as suggested by Fig. 3. This was for two reasons.

First, it is better to be off on the side of higher induction
number x, since the total power absorption is greater
(Fig. 1) and the departure from optimal conditions is not
as steep (Fig. 2). We do not have reliable values for u,
a priori, since the magnetic properties are extremely sen-
sitive to the history of the sample, including its state of
internal stress, its microscopic composition, and its local
crystallographic properties. The second reason will be-
come clear in a later section.

Calorimetric measurements of power absorption in both
types of implant configurations confirm the calculated
increase in absorbed power in an implant of stranded
filaments. Calorimetric measurement data shown in the
Tables II-A and II-B were carried out at different times
for different implant materials subjected to different ap-
plied powers in the same coil. Table II-B represents the
most recent data. For comparison convenience, the data
are normalized for 1 kW of applied coil power which
corresponds to 726 A /m H-field strength. This was possi-
ble due to the linear relationship between applied power
and the square of the H-field of the coil. Tables II-A and
II-B are self-explanatory and the normalized units
W,/m-kW and W/cm>-kW represent power absorption
per unit length and per unit volume of the implants,
respectively for 1 kW of applied coil power.

Power absorption data for these materials were ob-
tained using an adiabatic calorimeter (shown in Fig. 5)
which consists of a cylindrical quartz glass tube with a
narrow neck for thermocouple insertion, contains 15 cm?
of water and will handle implants up to 5 cm long. This
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TABLE 1
CALCULATED POWER ABSORPTION FOR SOLID AND STRANDED IMPLANTS
Induction Power Absorption
Number (x) (W,/m)
Stranded
) 6
Freq. Rel. Elect. Solid Solid Solid Solid Filaments
f Perm. Cond. 1.4 mm 0.45 mm 1.4 mm 0.45 mm of 0.45 mm
kHz wu, o(S/m) (dia.) (dia.) (dia.) (dia.) (dia.)
100 150 2.2%x10° 11.30 3.60 24.04 6.70 40.22
90 150 2.2x10° 10.72 3.44 22.72 6.28 37.70
80 150 2.2%x106 10.11 3.24 21.33 5.82 34.94
70 150 2.2x108 9.45 3.03 19.84 5.30 31.82
TABLE II-A

CALORIMETRIC MEASUREMENT OF IMPLANT POWER ABSORPTION

Power Absorption Per Unit
Length (W /m-kW)

Implant Implant
Material Configuration Solid or Per Filament Volume
Designation® (Sold or Stranded) Stranded in Stranded W/ecm3-kW

Niz4 Solid Implant 3.38 4.3
dia. = 1.0 mm

AME206 Solid Implant 3.05 3.88
dia. = 1.0 mm

AME206 Stranded Implant 6.53 1.09 6.55
6 filaments of
dia. = 0.46 mm

AME206 Stranded Implant 5.38 1.35 8.09
4 Filaments of
dia. = 046 mm -

Test Conditions: Applied Power: 4 kW
H-field Strength: 1452 A/m
Frequency: 82.7 kHz
*These materials are all nominally 96% Ni and 4% Si. although actual composition may vary
between batches. Furthermore, magnetic properties are dependent upon the homogeneity of composi-
tion, the amount of residual stress in the sample and on the crystalographic structure. Hence batch
designations are necessary.

TABLE II-B
CALORIMETRIC MEASUREMENT OF IMPLANT POWER ABSORPTION

Power Absorption per Unit
Length (W/m-kW)

Implant Implant
Material Configuration Solid or Per Filament Volume
Designation (Solid or Stranded) Stranded in Stranded W /cm®-kW

Niz4 Solid Implant 3.48 4.61
dia = 0.98 mm

AGA160 Stranded Implant 8.09 1.35 11.20
6 Filaments
dia = 0.39 mm

AGA160 Stranded Implant 5.79 1.45 12.12

. 4 Filaments

dia = 0.39 mm

AGA160 Stranded Implant 4.60 1.53 12.84
3 Filaments
dia = 0.39

AGA160 Stranded Implant 3.12 1.56 13.06
2 Filaments
dia = 0.39 mm

Test Conditions: Apphed Power: 1.5 kW
H-field Strength: 889 A/m
Frequency: 82.7 kHz
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Fig. 5. Diagram of the calorimeter.

tube is isolated from the surrounding larger glass tube by
a vacuum. The complete glassware assembly was placed
inside a plastic insulated container. Temperature regu-
lated water circulated in the plastic container. The water
temperature closely tracked the rising temperature in the
glass tube calorimeter in order to minimize radiation heat
losses from the inner calorimeter chamber. The implant
was immersed in 15 cm® water inside the calorimeter and
was heated by an impressed radio frequency magnetic
pulse of a few minutes duration. A number of multisensor
thermocouples recorded water temperatures via an auto-
mated thermometry data acquisition system (DAS). Right
after power was switched off, the calorimeter was shaken
to equilibrate the water temperature within the calorime-
ter. The final temperatures were all within a spread of
0.1°C, the resolution of DAS. The total power absorbed
was calculated from P =Ym,c,AT /At where m,’s are
masses (water, glass bulb etc.) and ¢,’s are their corre-
sponding specific heats; AT and Ar are temperature rise
and duration of heating, respectively. Power absorption
data were taken at temperatures well below ( ~ 20°C) the
Curie points of the ferromagnetic materials to avoid prob-
lems from significant temperature dependence of ab-
sorbed power.

Tables II-A and II-B experimentally confirm the com-
putations showing heating efficiency of stranded wires
which are of a diameter approaching the optimum indi-
cated by Figs. 1-3, over a larger solid implant. As an
example (Table 1I-A): AME206 4-filament (diameter-0.46
mm) stranded implant has 15% less material volume than
its solid (diameter =1 mm) counterpart but absorbs 76%
more heat under the same conditions.
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W STRANDED IMPLANT
® EACH FILAMENT

ABSORBED POWER (Watts/m-kW)

1 2 3 4 5 6 7
NUMBER OF FILAMENTS

Fig. 6. Calorimetrically measured power absorption in stranded wire
implants (material type designation: AGA160, data from Table 1I-B)
versus number of constituent filaments in it. Power absorbed by each
filament is determined by dividing measured power absorption of the
stranded implant by its constituent filament numbers. Solid lines are
polynomual fit to the data.

The theoretical model describes a single, isolated cylin-
drical filament, but our application is to use them in
bundles in close proximity. The net power absorbed for
such a stranded implant could be reduced from the theo-
retical ideal due to mutual couplings among the filaments.
To investigate this thoroughly, stranded implants com-
posed of two, three, four and six optimal diameter fila-
ments were subjected to calorimetric tests. The results are
tabulated in Table II-B and presented graphically in Fig.
6 where the power absorption by the stranded implants
(upper curve) and power absorption per filament in those
implants (lower curve) are plotted as a function of num-
ber of composing filaments. Indeed mutual interactions
reduce the absorbed power per filament, but only by
about 15% between the cases of two-filament implant
(minimal interaction) and the six-filament implant which
is the highest number tested.

Additionally, we should consider the nature of physical
structures required for handling the implants. First, the
practical materials must be sufficiently flexible to be able
to slip into hollow, plastic tubes which are placed during
surgery and which may not be perfectly straight. Second,
the “active length” of the ferromagnetic material must
correspond to the dimensions of the tumor and should
not produce excessive heating of surrounding normal tis-
sues including the normal tissues between the tumor and
the skin surface through which the implant enters. In the
solid seed configuration, these two constraints were met
by stringing together short, 1 ¢cm long, seeds inside heat
shrink tubing. The stranded wire implant configuration is
intrinsically flexible and also permits use of the central
core for other purposes, such as providing a pull-thread
(plastic string to pull the implant out of the “after load-
ing” catheter that had been previously placed in the
tumor), a thermometer for monitoring implant tempera-
tures, or for containing a radioactive source such as Ir-192
wire. The outer constraining diameter of the ferromag-
netic implant thus becomes the inner diameter of the
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Fig. 7. Absorbed power per unit length of a cylindrical implant in perpendicular magnetic field of strength 1500 A/m as a
function of induction number x for various values of permeabilities and electrical conductivity of 1.0X 10% S /m.
catheter which yields more efficient filling of the available to P, is found using (14) and (11) to be as follows:
space. A practical six-filament configuration can now be p
placed into a tube that permitted only a 1 mm diameter - 8{ber2 (x)+bei?( x)}2 JV. (15)
P

seed plus its jacket. The net gain in efficiency is 100%.
Finally, it should be noted that the central core would be
of little value magnetically because of the shielding effect
of the outer filaments.

PoweRr ABSORPTION FROM MAGNETIC FiELD
PERPENDICULAR TO AXIS

In order to investigate the dependence of power ab-
sorption of a cylindrical implant on the orientation of the
field with respect to its axis in a simple manner, it is
necessary to express the power absorption per unit length
in a perpendicular magnetic field:

P,=8w(x /oV)H{ber (x)ber (x)
© tbei(x)beil (x)) W/m  (14)
where,
V= [mber (x) + x ber, (x)] "+ [nbei (x) + x bei, ()],
n=u,+1, x=p,—1 and

w, = relative permeability.

The expression (14) is quoted by Atkinson et al. [8]. The
derivation is provided in the Appendix [9]. The ratio of P,

Sl

The plots of (14) and (15) are shown in Figs. 7 and 8,
respectively. For high w material, it is noted that power
absorption in a perpendicular magnetic field is very small
compared to parallel magnetic field.

PowER ABSORPTION IN IMPLANTS ORIENTED AT AN
ARBITRARY ANGLE WITH APPLIED FIELD

Practical implementation of aligning implants exactly
parallel to the direction of magnetic field polarization is
difficult. It is therefore necessary to investigate the effect
of orientation on power absorption. If an implant is at an
arbitrary angle *6 with the field direction then Hycos 6
and H;sin(*60) are components of field parallel and
perpendicular to the implant axis. Now utilizing (10) and
(14) for P, and P, and since sine and cosine functions are
orthogonal we obtain the following expression for power
absorption as a function of orientation angle 8:

P(6) =P cos’6 + P sin’ 6 (16)
Normalized plots of P(6) versus # are shown in Fig, 9
along with the experimental data taken from Buechler
[10]. It is found that the analytical expression for P(6) is
in good agreement with these experimental results. If the
implanted ferromagnetic seeds in the tumor volume are
within 20 degrees of the direction of the applied magnetic
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Buechler [10].

field, the power will be about 90% of its maximum value
when it is exactly parallel.

TEMPERATURE DEPENDENCE OF PERMEABILITY

The particular type of ferromagnetic alloy used for
hyperthermia in the clinical trials [6] were produced by

Fig. 10. Figure shows the experimentally measured permeability of
Ni-Si ferromagnetic implant as a function of temperature and its fit to
closed form empirical expression (17).

Chen et al. [1]. These are nickel silicon alloys with Curie
transition temperatures in the range of 45° to 80°C. The
experimentally measured data on permeability as a func-
tion of temperature can be fitted empirically to a closed
form analytical function [9] (Fig. 10) characterizing the
two basic properties such as Curie point and slope of the
curve at linear region:

1
p= 1+ aexp [B(T —T.)]

O<pxkl

(17)
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where,

p=[1(T)/bmas] %,
T is temperature, a = 2 = 7.389

a constant and B is related to the slope by
£
T
T, is the Curie transition temperature defined by the
intersection of the tangent of the curve at p=1/2 with
the temperature axis. That is 7, is the temperature at
which ferromagnetism disappears. It is evident that with
increasing temperature, the permeability drops and as a
result, the value of the induction number falls from its
low temperature value (T < T.). In order to maintain
high absorption efficiency at temperatures approaching
the material Curie point, the designed value of x was
chosen above its optimum value 2.5. This is the second
reason to which we alluded in an earlier section. When
the implant temperature becomes quite close to 7., then
w drops quickly (Fig. 10), and both the induction number
and the power absorption also decrease rapidly. Thus, the
transition from high power absorption efficiency to low
efficiency becomes steep with respect to temperature.
The conductivity also can be a function of tempera-
tures, but since we are using alloys or Ni (or in some cases
Fe) the temperature dependence of the conductivity is
small. Measurements in our laboratory [2] show that the
intrinsic dc conductivity for these alloys is only insignifi-
cantly temperature dependent and the changes in the ac

resistance of these metals can be explained by a simple
skin depth analysis using u(7).

~—p/4

p=1/2

DiscussionN

The use of inductively heated ferromagnetic seeds for
inducing hyperthermia in tumors that can be implanted
has been under investigation at a few centers for a num-
ber of years. In order to carry out the therapy effectively,
it is necessary to understand the conditions that affect the
ability of the implants to absorb energy from an applied
magnetic field. The results outlined here have influenced
the development of this approach in a number of ways.

First, we found that with the original configuration of
seeds, the heating of a highly perfused tumor to a thera-
peutic temperature > 42.5°C was difficult. An increase in
implant power absorption was necessary to compensate
the power drain by blood flow. The realization of an
optimal value for the induction number and the observa-
tion that a stranded wire configuration would absorb
energy from the field more efficiently led immediately to
an alternative implant design. Fxpected improvements in
clinical heating were also observed [12]. Experimental
determination of the effects of orientation of the cylindri-
cal implants with respect to the direction of magnetic
field followed by its theoretical explanation shows the
tolerance of this approach for departures from ideal con-
ditions. That is, while orienting the field with the cylindri-
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cal axis of implants is clearly preferred, clinical con-
straints often make this difficult. From Fig. 9, we note
that variation of up to 20° is not critical. Furthermore, if
more generator power is available (that is, increased field
strength) then orientation mismatches up to 45° can be
compensated.

Finally, the empirical representation of the tempera-
ture dependence of the permeability can be used in (11),
(14), or (16) to yield an analytical expression with these
simple, physically relevant parameters (Curie tempera-
ture, slope of the transition and power absorption at low
temperatures) for power absorption versus temperature
for real implants with experimentally determined proper-
ties. This expression can be incorporated into the treat-
ment planning /thermal analysis program much more effi-
ciently than could a “look-up” table with an interpolation
function.

CONCLUSION

The efficiency of power absorption depends upon the
physical configuration and orientation of cylindrical im-
plants with respect to the magnetic field as well as on the
electric and magnetic properties of the implant material.
A design is given which results in an efficient implant
interms of power absorption, makes efficient use of ferro-
magnetic material and yields a convenient clinical config-
uration. A central core in the stranded wire implant is
available for a pull-thread, for a thermocouple, or for
radioactive seeds for radiation brachytherapy.

APPENDIX
PowEeR ABSORPTION IN CYLINDRICAL IMPLANTS
FROM MAGNETIC FIELD PERPENDICULAR
TO ITS AXIS

The time-harmonic magnetic field which is spatially
uniform in absence of the implant, is polarized in the
x-direction, therefore can be represented as

H = #H, cos ¢ —  H, sin ¢ (18)

where H, is the amplitude of magnetic field, unit vector £
has been expressed in terms of cylindrical unit vectors 7
and q!; and the time factor e’*’ has been suppressed for
brevity. The incident magnetic field can be derived from
the Z-directed magnetic vector potential:

AP =242 = ZHrsin ¢, (19)
by using the definition, H =V X A.

An infinitely long circular cylinder of radius a with
electrical properties (o, u, €) is introduced into the other-
wise uniform, time harmonic field perpendicular to its
axis, which is coincident with Z-axis. No variation along z
is assumed (i.e., 8 /3z = 0). The magnetic vector potential
external to the implant (r > a) is the superposition of
primary and secondary potentials as shown below:

AT =247 = (AP + A%) (20)
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where the secondary potential, 43 satisfies the Laplace’s
equation:
V24 =0, (21)

with the property that A3 is regular at infinity. The
potential A, in the interior region of the implant (0 < »
< a), would satisfy the scalar Helmholtz’s equation:

(V2=92)A4; =0, (22)
with the property that, 4, is finite at r =0. In (21) and
(22) the Laplacian, V2 has the following form:

1d( ¢ 1
Rtetend Ll Rl e B
ar e dod
In (22) the propagation constant is given by, y ={jou(s
+ jwe)'/?]. The superscripts “+” and “—” mean exter-
nal to and within the implant regions, respectively. The

general solutions of (21) and (22) subjected to the condi-
tions stated along with are respectively as follows:

forr>a

forO<r<a

r dr (23)

0

Z r*m(pmejqu + Qme—jrmb)’

m=0

Al= forr>a
(24)

A:_ = i Im(’yr)[Umejmqb+Vme_1m¢]7

m=0

forO0<r<a

(25)
where m=0,1,2--- and P, Q,,, U, and V, are arbi-
trary constants. Invoking the continuity of potential (i.e.,
A7 = A]) across the implant surface at r =a, we can
write after rearranging the terms in the resulting equation

as follows:

e
Hyrsing= Y, I.(yr)[U,e¢ +V, e "]
m=0
e

_ Z rwm[pme]md)_!_Qme—jmd)] (26)

m=0

From observation of (26) it is found that the existing
mode, m =1 exists with P, =~ @, and U, = ~ V|, there-
fore (24) and (25) can be written as

A2 =QHyr™'sin ¢, (27)

A; =UHI(yr)sing, (28)
where Q and U, are the only undetermined coefficients
to be determined from the boundary conditions. The

vector potentials for regions external and interior to the
implant therefore can be written respectively as

A (r,d) = 2Hy[ r + Q7' sin ¢,
A (r,¢) = 2UH I,(yr)sin é,

The appropriate boundary conditions can be expressed as
follows:

1) The tangential component of H field is continuous
across the boundary at » = g. That is,

1A' (r.d)| A (r.9)
or ,;a_ ar -

forr>a

forO0<r<a

for r>a (29)

for0<r<a. (30)

(31)

[
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2) The normal component of B field is continuous
across the boundary at r = ¢. That is

o AT (r.d) | w A (r,9)

r 210 e o felo}
Application of the boundary conditions (31) and (32) to
(29) and (30) yield the required coefficients Q, and U,.
Use of recurrence formulas [5] for modified Bessel’s of
first kind, Q, and U, can be put in the following conve-
nient forms:

0, - a*[(p— o) Io(ya) + (1 + po) (ya)]
C [t mg) Io(ra) = (= ) In(va)]
4pg
U= 7[(“+:U«0)IO(70)_(:U«_,Uvo)lz(')’a)] .

The magnetic and the electric fields within the interior of
the implant can be determined from the magnetic vector
potential as follows:

(32)

r=a

(33)

(34)

. 7 R .
H=H,U, ;Il(yr)cosqb—gbylﬁ(yr)smcﬁ (35)

N S3H,Uy*

E=- mll(yr)sinqﬁ.

(36)
Now the calculation of power absorption per unit length
of cylindrical implant of radius a, from an external uni-
form magnetic field perpendicular to its axis is straight
forward. Following the earlier procedure for the case of
parallel field it can be shown that

1 2 2 2 Y %
P = —mwalHy/"{U,P’lyl* Re{ ———1I(ya) I[*(ya) }.
2 o+ Jwe
(37)

In the limit of quasi-static approximation (we /o < 1) we
find, y =(jopo)/? and (o + joe) = . Evaluating |U,|?
and Rely /ol {ya)I{*(ya)] in terms of appropriate ‘ber’
and ‘bei” functions [5] we get

U, )> =16/ v’V (38)
where
V=[(u, +berx+(u, —1)ber, x]*

+[(w, +1)beix +(u, —1)bei, x]* (39)

% , X , -
Re ;Il(ya)ll*(ya) =ﬁ[berxberx+be1xbel x].
(40)

In (39) and (40) x =(wpo)/%a and u, =p /u, are in-
duction number and relative permeability of the implant,
respectively.

Now substituting the values obtained by (38) and (40) in
the expression (37) for power absorption, we get (in SI
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units):
Wi 1/2
P|=87ra(—'u)
ag

-|Hy)?(ber x ber’ x +bei xbei'x) /V W/m. (41)
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